One of the main problems in celestial mechanics is the construction of the analytical theories of planetary motion. The most common solution of this problem is arranged by means of Poisson series developments. These developments depend on the selection of the anomaly to be used as temporal variable. In this paper we develop an improved alghoritm in order to use of an arbitrary anomaly included in the family of the generalized Sundman anomalies as temporal variables.
Introduction
One of the main problems in celestial mechanics is the study of the motion of the main bodies of the solar system. Its solutions are the so-called planetary theories. To obtain these solutions there are two main ways: epoch. To study the two-body problem it is convenient to use the true anomaly V and the eccentric anomaly E [11] .
The coordinates of the secondary with respect to the primary in the orbital plane are given by [11] 
where the radius vector r is given by [11] r = a(1 − e 2 ) 1 + e cos V = a(cos E − e)
The eccentric anomaly is connected to the mean anomaly through the Kepler equation [19] E − e sin E = M
and the true anomaly V is connected to the mean anomaly M by the center equation [19] 
where the coefficients C k (e) are defined in [19] . The spatial coordinates (x, y, x) t of the secondary with respect to the primary are given by r = R 3 (−Ω)R 1 (−i)R 3 (−ω) r orb (5) where R k (θ) is the matrix rotation of angle θ around the k axis.
In the two-body problem the elements a, e, i, Ω, ω and the mean motion n are constant. The solution of the perturbed motion is the same but replacing the constant elements by the osculating elements a(t),. . . ,ω(t), and σ(t). The value of the osculating elements can be obtained by the integration of the Lagrange planetary equations [11] 
and it coincides with ε in the case of the unperturbed motion. R is the disturbing potential R = R i due to the disturbing bodies i = 1, ..., N . This one is defined as [11] 
where r = (x, y, z) and r k = (x k , y k , z k ) are the coordinates of the secondary and the disturbing body with respect to the primary, ∆ k is the distance between the secondary and the disturbing body k, and m k the mass of the k body.
The Lagrange planetary equations are appropriate to integrate the perturbed motion by means of analytical or semianalytical methods. To use analytical methods it is necessary to develop the second member of the Lagrange planetary equations as Fourier series of the selected anomalies with literal developments of the coefficients [19] , [8] , [3] , [1] . The semianalytical methods use numerical values for the amplitudes of the Fourier series.
By integrating these developments we obtain the Poisson series [19] , [4] . One of the main problems of the analytical and the semi-analytical methods is the slow convergence rate of the development of the inverse of the distance between the bodies (i, j), that implies the use of very long developments.
In the year (1856) Hansen, in order to improve the convergence rate of the series to describe the motion of the comet Encke (e ≈ 0.84), introduced the concept of partial anomalies. This method improves its convergence using two new anomalies Ψ 1 and Ψ 2 depending of the region of the orbit that is occupied by the secondary [16] .
In the year (1870) Gylden suggested that if we used the elliptical anomaly [4] as temporal variable we could improve the properties of the integration methods.
Based on a temporal transformation dt = Crdτ introduced by Sundman in order to regularize the origin in the three-body problem, Nacozy [17] introduced a new family of transformations dt = Cr α dτ called generalized Sundman transformation. This family includes the mean anomaly M (α = 0, C = n = a 3 /µ), the eccentric anomaly E, (α = 1, C = n = a 3 /µ) the true anomaly V (α = 2, C = 1/ µa(1 − e 2 )) and the Nacozy intermediate anomaly u for α = 3/2. The use of these variables improves the convergence properties of the numerical methods.
In this paper we extend the algorithm used by Chapront in order to use the generalized Sundman anomalies as temporal varialbe in the semianalytical methods of integration. This algorithm involves the development of the most common quantities of the two-body problem as Fourier series of the new anomaly, the development of the inverse of the distance between every couple of planets (i, j), the expansion of the second member of the planetary equations of Lagrange and the integration of the Lagrange planetary equations through an appropriate iterative technique.
In section 2 we define the family of Sundman generalized anomalies ψ α and we obtain an analytical equation to connect the anomaly Ψ α to the eccentric anomaly E. In this section we study the development of the main quantities of the two bodies problem as Fourier series of Ψ α .
In section 3 we apply the previous results to develop the inverse of the distance between two bodies using an iterative algorithm based on the Kovalesky method and subsequently, we obtain the development of the second member of the Lagrange Planetary equations according to an arbitrary anomaly in the genralized Sundman family.
In section 4 an iterative integration formula to integrate the second member of the Lagrange planetary equations is developed.
In section 5 a set of numerical examples, using generalized Sundman anomalies, are developed.
In the section 6 the main conclusions of this paper are showed.
The Sundmand generalized anomaly
Let us define dM = K(e, α)r α dΨ α as a generalized Sundman transformation where
(10) where p = 1 − α and F (a, b, c; z) is the hypergeometric function.
The generalized Sundman anomaly is connected to the eccentric anomaly by
for details see [14] . The eccentric anomaly and the functions sin sE and cos sE can be develop according to the mean anomaly through the use of the Bessel series [11] , [19] an from them we can obtain the development
the value of the functions H s (e, α) are specified in [14] .
To manage the most common quantities involved in the two-body problem it is necessary to obtain the development of E, M (generalized kepler equation), cos E, sin E, r and 1 r as Fourier series developments according to the variable Ψ α . For this pourpose we can rewrite (11) , and (12) as power series of eccentricity e and then we apply the Deprit alghoritmh; this algorithm extends the Lagrange series inversion method. From these developments it is suitable to obtain the orbital and spatial coordinates of the secondary as Fouries series according to Ψ α .
Using this method we obtain from (12) the generalized Kepler equation
and from (11) the developments of sin kE, cos kE, r, 1 r as Fourier series with respec to Ψ α . For details we can see [14] .
From these developments we can obtains the developments of
and so the orbital coordinates of the scondary (x, y, z).
An alternative way to obtain these developments for an arbitrary function
] is the direct computation of the coefficients of the Fourier series through a numerical quadrature method.
Development of the disturbing potential and its derivatives
Let r and r ′ be the vector radii of the body and the perturbing body. To develop the second member of the planetary Lagrange equations as double Fourier series of the anomalies it is necessary to develop the partial derivatives ∂R ∂σ . For this purpose we proceed [11] , [2] , [8] as
For the third set of elements of Brower the partial derivatives of the coordinates (x, y, z) with respect to the elements are given in [11] . The values ∂R ∂xi are given by
The main difficulty to obtain these quantities is to obtain the development of the inverse of the distance 1 δ between the two planets. To evaluate this distance can be proceed using the Kovalevsky algorithm [10] , [5] .
where the m index denotes the number of the iteration. An appropriate first approximation [19] can be 1
where α = a a ′ , and b
p/2 are the Laplace coefficients [19] , and S the angle between the vector radii r and r ′ .
where F is the Hypergeometric function and (s) j is the Pochhammer symbol. The values of cos jS can be computed from the iteration formula
where
The quantity cos S can be developed as Fourier series from the previous developments of the spatial vector radii r and r ′ according to Ψ α . In the next developments we assume that the parameter α has been selected and the subindex i denotes the number of planet and α will be omitted.
The use of Kovalesky iteration formula requires a very high precise development for the quantity
. Using these techniques we can develop the second member of the Lagrange planetary equations (6) for a generic element σ i in the form
where A i,j and B i,j are real quantities and k 1 , k 2 , m are integers m ≤ 0. The second member of the previous equation is a Poisson series, were each term of the series is called Poisson term. To guarantee the uniqueness of the representation of each term we assume for a general term of Poisson
in the case |k 1 | + . . . + |k M | = 0 that A k1,k2,...,kM > 0, the first k i = 0 is positive and 0 ≤ B k1,k2,...,kM < 2π. In the case of
we include in the amplitude A k1,k2,...,kM the value of the cos B k1,k2,...,kM so that B k1,k2,...,kM = 0. In the first order of perturbation the exponent m is 0. To evaluate the planetary equation corresponding to da dt it is necessary to take into account the Chapront considerations on the initial values of a and n [5].
Integration algorithms
To Integrate the Lagrange planetary equation in its developed form (22) it is necessary to evaluate the integrals
for this purpose we have for i = 1, 2 the developments of the Kepler equation
where the functions T s (e i , α) can be evaluated by analytical methods [14] .
To integrate the generic term cos(k 1 Ψ α1 + k 2 Ψ α2 + B k1,k2 ) we can proceed derivating (25)
and from them
sT s (e 2 , α) cos sΨ 2 dΨ 2 (27) From (26) we obtain
Replacing in (27) we obtain.
Functions T s (e i , α) satisfy the d'Alembert propiety, by this reason (29) can be used as an iterative formula, increasing the order in the eccentricities for the residual term by one in each iteration [13] .
From (29) we have
in the case of the integration of a Poisson term with m > 0 we can procced through integration by parts
Note that the two integrals icluded in the second member are the same and it is a Poisson series with m = 0.
Numerical examples
To test the method a set of numerical examples in the first order of perturbation has been computed. For this purpose we select the couple Jupiter-Saturn to test the algorithm.
The orbital elements (Table 1) were taken from Simon [18] in order to compare our values for α = 0 with the respective ones given by Chapront [6] . The initial osculation epoch is J2000 and the planetary masses were taken according to the IAU 1976 constants. where ω = Ω+ω, k = e cos ω, h = e cos ω, q = γ cos Ω, p = γ sin Ω, λ = M +ω and γ = sin i 2 . The managment of common developments used in Celestial mechanics is a very hard task, so it is convenient to use an appropriate special software package called Poisson Series Processor (PSP) [9] , [4] , [15] . In this paper the PSP used was the C++ class poison.h developed by the authors. This processor series contains the most common arithmetic operations +, −, * , . . ., function evaluation sin, cos, exp,. . . , etc. -3.8613e-6 -8.87e-8 -2.4e-9 1.0 -0.0484979255 0.000000e-4 0.0000e-6 0.00e-8 0.0e-9 1.5 -0.0727549189 6.619681e-4 -5.6518e-6 4.47e-8 -3.e-10 2.0 -0.0969958510 1.7647287e-3 -3.80567e-5 8.656e-7 -2.02e-8 Table 2 shows the five first terms c i of the development of the Kepler M = Ψ + c i sin Ψ i equation of Jupiter for several values of α. Table 3 shows the length of the series and the diference between to iterations of the inverse of the distance for couple Jupiter-Saturn for several values of the parameter α. The error of each iteration err k has been computed by bounding with respect to the || || 1 , it is err k = || Tables 4 and 5 show, in arcsec, the main amplitude terms, A and A ′ , of characteristic |k 1 − k 2 | = 0 and 3 in the developoment of the major-semi axis a of Jupiter and Saturn for the couple Jupiter-Saturn for the values of α = 0.5, 1.0, 1.5, 2.0. Values of A and A ′ , for α = 0.0 coincide with the ones obtained by Chapront [6] . Tables 6 and 7 show the convergence of the integrator applied to the planetary equations of a J and a S for the copule Jupiter-Saturn.
Concluding Remarks
So as to test the algorithm, the problem of the calculus of the first order perturbations of the semi axes for the couple Jupiter-Saturn has been used.
The use of appropriate anomalies in the generalized Sundman family can be applied to improve the efficiency of semi-analytical algorithms.
The lenght of the series depends of the anomalies used as temporal variables. An appropriate choice of the anomaly in the generalized Sundman family of anomalies can be allowed to have more compact developments in the inverse of Table 4 : Amplitude of terms of characteristic |k 1 − k 2 | = 0 for Jupiter and Saturn semiaxis in arcsec the distance, and so it allows to simplify the evaluation of the second member of the Lagrangre planetary equations. The coefficients of the terms containing small divisors, as shown in the 2n 1 − 5n 2 case for the couple Jupiter-Saturn, can be determinated with a higher level of precission for each vaue of α.
The management of these developments can be obtainable by using a Poisson series processor. The performance of the algorithm is good for the interesting values of α, it is, the ones contained in the interval [0, 2] ; for values of α ≥ 2.5 the convergence rate decreases. The kernel of processor poisson.h is avaible under certain conditions if it is requested. 
